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Abstract 



We show a relation of the KMS state of a certain C*-Algebra U with 
the Gibbs state of Thermodynamic Formalism. More precisely, we consider 
here the shift T : X ^ X acting on the Bernoulli space X = {1, 2, k}^ 
and II a Gibbs state defined by a Holder continuous potential p : X — > R, 
and the associated Hilbert space. 

Consider the C*-Algebra U = U{/j), which is a sub-C*- Algebra of the 
C*-Algebra of linear operators in jC^(/i) which will be precisely defined later. 

We call iJ, the reference measure. 

Consider a fixed Holder potential H > and the C*-dynamical system 
defined by the associated homomorphism at- We are interested in describe 
for such system the KMS states (j)^ for all /3 € R. 

We show a relation of a new Gibbs probability 1^/3 to a KMS state (pi^^^ = 
(pjS, in the C*-Algebra U = U{fi), for every value /3 € R, where /3 is the 
parameter that defines the time evolution associated to a homomorphism 
at = aj3i defined by the potential H. We show that for each real /3 the KMS 
state is unique. 

The probability z/^ is the Gibbs state for the potential — /? log H. 

The purpose of the present work is to explain (for an audience which is 
more oriented to Dynamical System Theory) part the content of a previous 
paper written by the authors. 
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Introduction 



In this paper we show a relation of the KMS state of a certain C*-Algebra 
U [BR] [P] [EL2] with the Gibbs state of Thermodynamic Formahsm [PP] 
[Bo] [R3]. The purpose of this work is to explain for an audience which is 
more oriented to Dynamical System Theory part the content of the paper 
[EL3]. See also [Rel],[Re2] for related material. 

R. Bowen, D. Ruelle and Y. Sinai are the founders of what is called in 
our days Thermodynamic Formalism Theory (see [PP] [R3]). 

Wc will present initially the precise definitions we are going to consider. 

We point out that we show here only the uniqueness part of the results 
in [EL3]. The existence is based on the paper [W] which is of Functional 
Analysis nature. 

We consider here an expanding transformation T : X ^ X (to simplify 
ideas one can consider the particular case where T is the shift acting on the 
Bernoulli space X = {1, 2, A:}^). Consider ji a Gibbs state defined by a 
Holder continuous potential p : X ^ 'R,, and C'^{ijl) the associated Hilbert 
space. 

Consider the C*-Algebra lA = U{^), which is a sub-C*-Algebra of the 
C*-Algebra of linear operators in C^in) which will be precisely defined later. 
We call /X the reference measure. 

Consider a fixed Holder potential H > and the C*-dynamical system 
defined by the associated cj^. We are interested in describe for such system 
the KMS states (t>0 for all /3 € R. 

We show a relation of a new Gibbs probability Vf^ to a KMS state cpi,^ = 
(f)l3, in the C*-Algebra U = U{ii), for every value /3 G R, where (3 is the 
parameter that defines the time evolution associated to a homorphism at = 
ai3i defined by the potential H. We show that for each real jS the KMS state 
is unique in Theorem 2.2. 

The probability is the Gibbs state for the potential —j3 log H. 

Given a potential H, we say the potential H is cohomologous to H, if 
there is V such that logH = logH - V + V o T. 

After we present our main results for Holder potentials in section 2.1, 
in section 2.2 we consider a non-Holder potential H and we will make an 
analysis of phase transition nature (which do not occur at C* Algebra level, 
in this case) associated to the KMS problem in a case where H can attain the 
value 1 (and where there is phase transition at Thermodynamic Formalism 
level). 
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Section 2.1 - KMS and Gibbs states 

We denote C{X) the space of continuous functions on X taking values 
on the complex numbers where (X, d) is a compact metric space. 

Consider the Borel sigma-algebra B over X and a continuous transfor- 
mation T : X ^ X. Denote by M{T) the set of invariant probabilities for 
T. Wc assume that T is an expanding map. 

We refer the reader to [Bo] [Rl] [R2] [R3] [L4] for general definitions and 
properties of Thermodynamic Formalism and expanding maps. 

Tipical examples of such transformations (for which that are a lot of nice 
results [R2]) are the shift in the Bcrnoully space and also C^~''"-tranformations 
of the circle such that |T'(a;)| > c > 1, where | | is the usual norm (one can 
associate the circle to the interval [0, 1) in a standard way) and c is a constan. 

The geodesic flow in compact constant negative curvature surfaces in- 
duces in the boundary of Poincare disk a Markov transformation G such 
that for some n, we have = T, and where T is continuous expanding and 
acts on the circle (see [BS]). Our results can be applied for such T. 

We denote by H = Ha the set of a-Holder functions taking complex 
values, where a is fixed < a < 1. 

For each u G Ai{T), /i(z^) denotes the the Shanon-Kolmogorov entropy of 
ly and h{T) = sup{/i(z/)|i^ G A4{T)}. h{T) is called the topological entropy 
of T. 

We denote by /x a fixed Gibbs state for a real Holder potential logp : 

X ^ R. We suppose logp is already normalized [Bo][R3], in the sense that, 
if Cp denotes the Ruelle-Perron-Frobenius operator for logp, that is for any 
/ : X ^ C, and all a; G X, we have {Cp{f)){x) = J2T{z)=xPi'^)fi^)^ then 
we assume that £p(l)(x) = Y1t{z)=xP(^) ~ ^^'^ ^pil^) — 1^- 

We will show later that the index A{x) = pix)"^ for the C*-algebra 
associated to /i. 

As an interesting example we mention the case where T has degree k, that 
is, for each x E X there exists exactly k different solutions z for T{z) = x. 
We call each such z a pre-image of x. 

If T has degree k and in the particular case where fi is the maximal 
entropy measure (that is, h{p) = h{T) = log /c), then p = 1/k. 

We do not have to assume that the number of preimagcs of each x is 
constant. In order to simplify the arguments in our proofs we will assume 
from now on that T has degree k. The reader can easily realize the changes 
that have to be done in order to consider the general case. 

One can consider alternatively in Thermodynamic Formalism Cp acting 
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on C{X) or on Tia- Different spectral properties for Hp ocurr in each one of 
these two cases (see[Bo][R2]). 

We will consider in the sequel a fixed real Holder-continuous positive po- 
tential H : X and Ch,i3, /? G R the Ruelle-Perron-Probenius operator 
for —piogH, that is, for each continuous / we have by definition 

T{z)=x 

We denote by XH,f3 € R- the largest eigenvalue of Ch,i3- We also denote 
^H,i3 the unique probability such that pii^H,p) = ^H,p'^H,/3, and hH,i3 the 
unique function h G C{X) such that / hdi'H,i3 = 1 and CH,p{h) = XH,i3h. 

hfjjj is a real positive Holder function. 

The hypothesis about H and p being Holder in the Statistical Mechanics 
setting means that in the Bernoulli space the interactions between spins in 
neighborhoods positions decrease very fast [L2] [L3]. In section 2.3 we will 
consider a non-Holder potential H where in this case it will appear a phase- 
transition phenomena. This model is known as the Fisher-Felderhof model 
[FF], [L2], [L3], [FL]. In this case the interactions do not decrease so fast. 

We return now to the Holder case. 

It is well known the variational principle for such potential — /3 log H, 

Ph{P) = log\H,p = sup{/i(i/) + J {-p\ogH)dv\v € M{T)}. 
The probability ij.h,i3 = hH,/3i^H,p S ■A^(^) and satisfies 
sup{/i(z/) + j {-p log H)dv\v e M{T)} = 

h{HH,l3)+ J i-P^ogH)diiH,i3- 

Definition 2.1: The probability fig = h}{,f3VH,i3 is called equilibrium 
state for the function —[3\ogH where (3 and H are fixed. 

Definition 2.2: The probability I'm,!} is called eigenmeasure or Gibbs 
state for the function —f3 log H where (3 and H are fixed. It satisfies 

^*H,l3i^H,l3) = >^H,I3'^H,I3- 

The probability /J'H,/3 is unique for the variational problem and i^h,^ is 
unique for the the eigenmeasure problem associated to the value Xh,i3, if P 
and H are Holder. If we do not assume p and H Holder then there exist 
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counterexamples for uniqueness in both cases [L2] [L3]. We will return to 
this point later. 

For some reason the eigen-probabilities have a distinguished role here, 
but not the equilibrium states. 

Ph{P) is called the pressure of —filogH (or sometimes Free-Energy) and 
is a convex analytic function of /3. li H > 1 then lim^_»oo Ph{P) = —oo and 
limp^^^ Ph{P) = oo. 

Under the hypothesis H > sometimes there is no real P such that 
Ph{/3) = 0. 

If T has degree k and in the particular case where fi is the maximal 
entropy measure (that is, h{fj,) = h(T) = log k), then p = 1/k. 

Definition 2.3: Denote by S : C'^{ii) —>■ the Koopman operator 

where for -q G -C^du) we define {Sri){x) = r){T{x)). such S defines a linear 
operator in C'^^fi). 

In Thermodynamic Formalism it is usual to consider the Koopman oper- 
ator acting on C^in) (the space of complex square integrable functions over 
£,'^{fi)), and it is well known that its adjoint (over C^{n)) is the operator Cp 
acting on C^{n). As we assume X is compact, any continuous function / is 
in C'^ip). 

We denote by L{C'^{ix)), the set of linear operators over the linear space 
C^ifj); an example: S G L{C'^{ii)). 

Definition 2.4: Another important class of linear operators is Mf : 
C^ip,) C?{p), for a given fixed / G C{X), and defined by Mf{r]){x) = 
f{x)rj{x), for any ry in C'^{i^). 

In order to simplify the notation, sometimes we denote by / the linear 
operator Mf. 

Note that for Mf and Mg, f,g ^ C{X), the product operation satisfies 
Mf o Mg = Mf^g, where . means multiplication over the complex field C. 

Note that the * operation applied on Mf, f G C{X), is given by Mjf = 
Mj, where z is the complex conjugated of ^; G C. In this sense, Mf is the 
adjoint operator of Mf over 

The main point for our choice of fj, as eigen-probability for Cp, is that in 
£2 {fi) , the dual of the Koopman operator S is the operator Cp = S* acting 
on jCP{h). Indeed, for any f,g we have 

J f{goT)d^ = J f{goT)dC;{^i) = J Cp{f{goT))di^ = J Cp{f)gd^. 

L{C'^{fi)), the set of linear operators over C'^(fi), is a very important C*- 
Algebra. We will analyze here a sub-C*-Algebra of such C*-Algcbra (defined 
with the above operations . and *), more precisely the C*-Algebra U. 
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Definition 2.5: We denote by a : C{X) C{X) the linear operator 

such that for any /, we have a{f) = f oT. 

We have to show how the operators S and Mf acting on C^{lJi) interact 
with the operators Cp and a acting on C{X). 

One can easily see that Q:(M/) = Mfoa- This is the first relation. 

In the simplified notation (we identify Mf with /), one can read last 
expression as a{f) = f oT. 

Definition 2.6: Consider the C*-Algebra contained in L{C'^{ii)) and 
generated by the elements of the form MfS^{S*)'^Mg, where n G N and 
f,g e C{X). We denote such C*-Algebra hy U = U{ii,T). We call U the 
C*-Algebra associated to ^. 

Each element a in is the limit of finite sums Mf.S'''''^{S*)'''''^Mg^. 

Note that / — > Mf defines a linear injective function of C{X) on U. 

Wc have basic relations in such C*-Algcbra U: 

a) (5*)"5" = 1, for all n G N (it follows from S*S = 1) . 
proof: for any rj G C^in), we have 

S* S{r]){x) = CMTm^) = E Piy)v{T{y))= ^ p{y)v{x) = r]{x). 

T{y)=x T{y)=x 

b) (5*)"M/5" = Mcu^fY for all n G N, / G C{X) (it follows from 

S*MfS = Mc^^f)). 

proof: for any 7] G C^in), we have 

S*MfS{r^){x)=Cp{fn{T{.m^)=^^pU) i^)ri{x). 
and finally 

c) SMf = a{f)S for any continuous /, that is, for any rj G >C^(/x), 
SMfiri) = f oT.rjoT = a{f).S{ri). 

Remark: If we consider the C*-algebra generated Mf S"^{S*)'" Mg, 
where n, m G N and f,g G C{X), we have a different setting (which is 
usually called a Vcrshik C*-algcbra) which was consider in another paper 
by R. Excl [E3]. In this case, the KMS state exists only for one value of f3. 

We now return to our setting. 

An extremely important result will be shown in Lemma 2.1 which claims 
that there exists functions Ui, i G {1,2,.., A;}, such that 

k 

J2Mu,SS*M^, = 1. 

1=1 
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We denote by Aut{U) the set of automorphism of the C*-Algebra U. 

Definition 2.7: Given a positive function H we define the group homo- 
morphism at, where for each t G R we have at G Aut(W) [BP] [P], is defined 
by: 

a) for each fixed t G R and any Mf, we have at{Mf) = Mf, 

b) for each fixed t G R, we have at{S) = Mjju o S, , in the sense that 
{at{S){'n)){x) = W\x)ri{T{x)) G £"^{11)., for any G C'^{^J). 

The value t above is related to temperature and not time, more precisely 
we are going to consider bellow t = Pi where /3 is related to the inverse of 
temperature in Thermodynamic Formalism (or Statistical Mechanics). 

It can be shown that for each t fixed, we just have to define at over the 
generators of U in order to define at uniquely onU. In this way a) and b) 
above define at- 

We will assume in this section from now on that H is Holder in order we 
can use the strong results of Thermodynamic Formalism. 
Remark 1: Note that for r] G jC^in), we have 

{at{S^)v){x)=at{MHu{voT)){x) = 

therefore at{S'^) = H^'{H oTY'S^. It follows easily by induction that 

at{S'') = n'J-^{H oT^fS"". 

Taking dual in both sides of the above expression we get other important 
relation 

at{{S*y') = {S*y''^]=o{H oT^)-'\ 

In terms of the formalism of C*-dynamical systems, the positive function 
H defines the dynamics of the evolution with time t G R of a C*-dynamical 
system. Our purpose is to analyze such system for each pair {H, (3) . 

Definition 2.8: An element a in a C*-Algebra is positive, if it is of the 
form a = bb* with b in the C*-Algebra. 

Definition 2.9: By definition a " C*-dynamical system state" is a linear 
functional (f) :U ^ C such that 

a) 0(Mi) = 1 

b) cf>{a) is a positive real number for each positive element a on the 
C*-Algebra U. 
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A " C*-dynamical system state" (f) in C*-dynamical systems plays the 
role of a probability z/ in Thermodynamic Formalism. For a fixed H, we 
have a dynamic temporal evolution defined by at where i € R. 

Definition 2.10: An element a G W is called analytic for a if at{a) has 
an analytic extension from t G R to alH G C. 

Definition 2.11: For a fixed /? G R and H, by definition, is a KMS 
state associated to H and (5 in the C*-Algebra b({iJ,,T), if is a C*- 
dynamical system state, such that for any b eU and any analytic a eU we 
have 

(/)(a.6) = (j){b.af3i{a)). 

For H and f3 fixed, we denote a KMS state by (f>H,f3 smd we leave (j) for 
a general C*-dynamical system state. 

It is easy to see that for H and /3 fixed, the condition 

= 4>{b.af}i{a)), 

is equivalent to Vr G C, 

<p{ar{a).b) = (I){b.ar+f3i{a)). 

It follows from section 8.12 in [P] that if ^ is a KMS state for H, P, then 

for any analytic a € U, we have that r (f){ar{a)) is a bounded entire 
function and therefore constant. In this sense (p is stationary. 

Note that the KMS state, in principle, could depend of the initially 
chossen /j, because we are considering jC^(ju) when defining U, but in the end 
it will be defined by a measure that depends only in f3 and H 

We point out that it can be shown that in order to characterize (f> as a 
KMS state we just have to check the condition (p{a.b) = (j){b.(jpi{a)) for a, 6 
the linear generators of W, that is, a of the form Mf^S"'{S*)^Mg^ and b of 
the form Mf,^S"'{S*)"'Mg^. 

A natural question is: for a given /3 and H, when the KMS state 
exist and when it is unique? 

We are interested mainly in uniqueness. We will explain this point more 
carefully later. 

Remark 2: Note that when (f) = (f)H,i3 is a KMS state, (pia-g) = 
(j){a.api{g)) = (p{g.a), for any g G C{X) and a gU. 

Our purpose here is to show how to associate in a unique way each KMS 
state (pH,i3 to the eigenmeasure vh,/} defined before. 

Rcmcbcr that over C'^{lJ,) the operator Cp is adjoint of the operator 
f^foT. 
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We call A{x) = p{x) ^ the index and we denote by 

AW(^) = {p{x)p{T{x))...p{T''-\x)))-\ 

Now we define E -.U ^ C{X), a conditional expectation (that is EoE = 
E), such that 

a) E{Mf) = Mf, 

b) E{a) of any positive element a is a positive number in R by: 

E{MjS-{STM,) = ^M;,. 

This expression defines E (taking limits) over all U. 
Our main theorem says: 

Theorem 2.1: If is Holder positive and /x is a Gibbs state for p 
Holder, then for any given /3 G R, a KMS state in U{fi) (f) exists, it is unique 
and of the form 

0i/,/3(a) = j E{a)di^H,)3, Va G U, 

where I'm, ,3 is the eigenmeasure for p. 
Proof of Theorem 2.1: 

The existence of the KMS follows imediately from taking e„ = S'^S'^* 
and En = a^JCp in section 1. We want in this section to show precisely how 
one can associate a Gibbs measure to such (1>h,/3- 

First we outline the main results of the previous section but now in the 
particular notation that it is used in the context of Thermodynamic Formal- 
ism. We believe that with this procedure we will help the understanding for 
the reader familiar with Thermodynamic Formalism but not so much with 
C*-Algebra Theory. Alternatively, the reader can go directly to Theorem 
2.5 to find the proof of the main result of this section: uniqueness of the 
KMS state for the C*-Algebra U. 

In order to simplify the notation, for H and P fixed we denote i^h,i3 by 
1^/3, jO,h,/3 by Cfj, \h,I3 by \p and hH,p by hp. 

We will denote ^i?,/?, the KMS state for H, /3, by (f)p. 

Wc will leave the thcrminology (f>f3 for the one associated to the Gibbs 
state I'p and use for the one associated to the above defined v 

Suppose is a KMS state, where H, (5 are fixed. 

First we will show that if ^ is a KMS state for H and /?, then there exist 
a measure u such that 
a) for all n G N 
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and 

b) for all /i,/2,5i,52 £ C{X) and all n,m G N. 

<l>{Mf^S'\STMg-,.as,{Mf,^S"\S*rMg,) = 

<t){Mf^S'^{S*Y"My,, . Mf^S''{S*TMg^. 

Given the KMS state ^, then (t){Mf) = </>(/) defines a continuous posi- 
tive linear functional over C{X) such that (j){Mi) = 1. Therefore by Riesz 
Theorem, there exists a probability v such that for any / G C{X) we have 

<p{f) = jfdu=jfs<^{s*rdu. 

This u is our candidate to be the one associated to The above defini- 
tion takes in account just n = in a) above. Remains the question: what 
conditions wc should impose on (defined from (p as above) in order to make 
(p a KMS state for H, j31 That is, when v satisfies a) and b) above? 

Now we will show a recurrence relation associated to any KMS state (p 
for H,^: 

Lemma 2.1: (l){f S'^ {S*Y) = J fA'^^-Uu, for any / G C{X), 
Proof: 

The lemma will follow from 0(/5"(5*)") = (/>((A o T") 

We need a preliminary estimate before proving the lemma. 

For the transformation T, consider a partition Ai, ...,Ak of X such that 
T is injective in each A^. Our proof bellow is for the shift in the Bernouilli 
space. In the case of the Bernoulli space with k symbols Ai is the cylinder 
i with first coordinate i. Now we consider a partition of unity given by k 
non- negative functions vi, ...,Vk such that each Vi{x) = Ij{x) (the indicator 
function of the cilinder i) which has support on Ai and X]i=i ''^ii^) = 1 foi' 
all a; G X. In the case X is the unitary circle and T is expansive, using a 
conjugacy with the shift, we obtain similar results. 

Denote now the functions Ui given by 

for each i G {1, k}, so, Yli=i "^ii^) = •^(^) = P{x)~^, for any x E X. 

An easy computation shows that Yli=l^ui'5S*Mu^ = 1. Indeed, if x is 
in the cylinder i, then given t], wc have 

[Mu^SS*MuM]ix) = Mx) Yl p{z)ui{z)rj{z) = v{x). 

{z I a{z)=aix)} 

Now 

k 

5"(S*r = 5"l(S*r = J](M„.55*M„.)](5*)" = 

i=l 
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^(5" {M^^SS*MuJ{ST)- 

i=l 

Now we use the relations ^"M/ = Mc,n(/)S'" and Mf{S*Y = {S*YM^n(^f) 
in last expression and we get 



1=1 



Now we will prove the lemma. 

Using last expression and then Remark 2 for 5 = a'^{ui) G C{X) and 
a = we get 



fc 

1=1 

k 

i=l 

k 
i=l 

(/.(M/(AoT")5"+^(5*)"+^) 
This shows the claim of the lemma. 

□ 

We denote by En the operator a"'Cp acting on C{X). This operator 
En acting on C{X) is a conditional expectation En{f) = £{f,TZn), where 
7^„ = {/ o T" I / G C{X)}. It is weU known that En : C{X) TZn, and 
En{f9)=fEnig), if /€7^„. 

It is known that if n > m, then En o Ejn = En- 

Note that for any n, we have En{l) = 1- 

Now we will introduce the restriction on v defined by the time evolution 
of at, that is condition b) above. 

Lemma 2.2: The KMS condition 

mhS''iSTMg,.ap,iMf,S"\ST'M,,) = 
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4>{Mf^S'^{S*)'^Mg^ . Mf^S'^{S*YMg;). 
for any ra, m G N, /i, /2, 51,32 € C'(X), is equivalent to the condition 

j f2giEm{g2h)du = J g2hHPl^^A-l-^Em{f29iH-('l^^Al^^)du, 

for any m G N, /i, f2, 91,92 G C'(X). 
Proof: 

Suppose, first that n > m (we consider the other case later). 
From Remark 1 we have 

where by definition F^H(a;) = JlfSQ^H{T\x)f . 

Therefore, the KMS condition imposed by a can be written as 

4){Mf^S''\S*rMg^.Mf^S'^{S*TMg,) = 

As we assume n > m, considering the right hand-side of the expression 
above we get 

(l){Mf^S''{STMg, . Mf,H-(^^'"''^S"'{S*y"''H^^'^^Mg,) = 
(t>{Mf^S'^{S*)"{S*)'^Mg^.Mf^H-^^'^^S'^{S*)'^H^^'^^Mg^) = 

(j){Mf^ S''{S*)"€^{9ihH-P^'^^){S*)'^H^ I'"] Mg^ ) . 

As, for any continuous (7, we have g{S*)"^ = {S*)"^a'^{g), then take 
g = jC^{gif2H-^^"'^) e C{X), and using also lemma 1 

^{Mf^ (5* (51 f2H-^ H ){S*)"'H^ H Mg^ ) = 

4>{Mf^S'\S*Y'a'^C^{g^f2H-l^ M)///? Hm^J = 
j hg2Hf'l^^EM2H-^^^^)A-^^Uiy 

Now, from the basic relation a"'{g)S"' = S"'g, for g = C'^'{g2h) e C{X) 
and Lemma 1, the left hand side of expression satisfies satisfies 
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(f){Mf^S'^{S*)'^Mg^.Mf^S'^S''-'^{S*)"Mg^) = 

Prom we finally get the expression 

/ f2giEm{g2hW^''^du = j g2hH^^'^^Em{f2giH-P^^^)K-^''Uu, 

which is equivalent to 

J f2giEm{92fi)du = J g2hHf'^^^A-^^^E^ihgiH-f'^^^A^^^)du, (****) 

and this shows lemma 2 for the case n > m. 
Suppose now that n < m. 
Prom the KMS condition 

4>iMf,S"^iS*rMg,.Mf,S^iSTMg,) = 

^{Mf^S''{S*YMg^ . Mf^H-^^"''iS'^{S*rH^^'^'^Mg,). 
We point out that in the case 77, < m, if e" = S'"S'*", then enGm = Gm = 

and e"/e" = En{f)en, because S'\S*" f S'' S*'' = S''C^{f)S*'^ = a"(£p(/)e, 
Therefore, from the above and lemma 1 we get for right hand-side of the 
KMS condition above 

mhEnigi ■ f2H-^^^^)e^HP^^^Mg,) = 
J hEn{gi.f2H-^^^^)K-^^^H^^^^g2du. 
Note that for m>n, we have for any gi,f2 € C{X) 



14 



En{gi ■ hH~'^ {H~l^ o T")) hI^ N {hI^ t"*-'*] o T'*) = 
En{gi ■ hH~^ o T") i?^ ["1 {hI^ ["'-"I o T") = 

E^{gi.hH-P^^^)H^^^\ 

because o T" € 7^n. 

Therefore, 



Now we consider the left hand side of main equahty. 
In the same way as before, using ^(5*)" = {S*Ya^{g), 
for g = JCp{g2fi) and lemma 2.1 we get 



(/>(M/25™(5*)'"Mg, .M;,S'"(5*)"AfgJ = 

(/)(My,5'"(5*)'"-"(5*)"Mg2 .M/,5"(5*)"M5J = 
</.(M/,5-(5*)— "£^(52/i)(.S*)"M,J = 

</,(M;,5-(5*)-a"(£^)(52/i)M,J = 



Therefore, the KMS condition implies in the case n <m 



This shows that the KMS condition implies the equality 



Reversing the argument one can show the implication in the other direc- 
tion. 

Therefore, we get equivalence of both conditions and lemma 2.2 is proved. 
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The following Lemma gives a more simple condition for the u defined 
above by the KMS condition for (j): 

Lemma 2.3: The measure u defined as above by the KMS state ^ is 
characterized by 

/ ^ / ^'^'^^^'^^'^'^'^^^ 

for any m G N, / G C{X), where Am = . 
Proof: The lemma follows from the expression 

j hEm{a)\mdi' = J Em(b)a\mdv, (**) 

for any a, 6 G C{X). 

We just have to consider a = 1 and 6 = ^ in the above expression in 
order to obtain one from the other. 

Expression (**) follows from taking (****) with g2 = l,/i = a,gi = 
l,/2 = bXm- 

□ 

Now wc show the existence of v, and then later we will show by uniquenes 
that ly has to be z/^. 

Remark 3: Note that 

Em{f\;;.'){x) = a-{c^,0{mx). 

We will show that there exist a probability u such that for any m 

J fdu = J Em{fX^)\mdi'. 

Proposition 2.1: Consider a fixed m G N. Suppose v is such that for 
any continuous / 

then, u also satisfies the condition: for any continuous / 

j fdiy = j Em{fX-^)Xmdu. 
Proof: Consider / G C{X). 

Under the hypothesis condition for m + 1 we take g = Ejn{fX^)Xm, and 
we get 

J EmigX:^)Xmdl' = J Ejn+l{ {Em{f X:^)Xjn) A~l,_j^ )Xm+ldv = 



16 



j Em+i{g X.J_^^)Xm+idv = J gdu 



As E„i is a projection operator over TZm, then, for any continuous g we 
have E^{gH{T"-{x))-P)) = E^{g)H{T-^{x))-P . 
Therefore, 

— J J^m+l[^m{J ■^m ) \-l(^x) >^'^+'^^ ~ 

j J^m+l[^m{J A-l(x) ')'^^+'^"''^- 

As Em+i oEm = Em+1, then 

/II f iH{T^(x))~^ 

Em+i{Em{fX^ )Xm A^+i)A^+idi^ = J Em+i{fX^ — A-^{x) — ^^'^+^^^ 



J Em+iifX^\^)Xm+idiy = J fdiy, 



where we use the m + 1 condition for u and / in last equaUty. 
Therefore, 

J fdv = J gdv = J Em{fX;;^^)Xmdiy. 

□ 

The next result is a particular case of the existence of KMS states pre- 
sented in section 1. 

Proposition 2.2: Given (f) there exist v such that: 
a) for all n G N 



cf>{MfS-{S*r) = I -^d,., 



and 

b) for all /i, /2, gi,g2 G C{X) and all n, m G N. 

mhS''iSTMg,.api{Mf,S^iS*rMg,) = 

Proof: 

Consider the compact set = {z/ is a probability such that for any 
continuous /, / fdv = J Em{fX:;;^^)Xmdiy}. 
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Prom the above Proposition, we get Ain+i C A^„. Therefore, as the set 
of all probabilities is compact, there exist u € Fi'^^QMn, and therefore, by 
lemma 2.3 we obtain that such v satisfies the KMS condition. 

This shows the existence of u and the first part of Theorem 2.1. 

□ 

The conclusion is that any (p is associated with a certain v. 
Now we will show the uniqueness of the KMS state: 
Theorem 2.2: Given any KMS (p, then (j) = where (pf) is the KMS 
state associated to the Gibbs probability up. 
Proof: 

In order to do that we will show that any possible v given by Proposition 
2.2 is equal to up. 

Remember that A„ = iJ/^NA-N. 

Take u a probability associated to <p), then for each n, and / G C{X) we 
have 

j fd^ = j En{f\-')\ndv = j a''{q^{f))\ndu. (* * *) 



We claim that 



and this shows that u = up, and therefore 
Now we show the claim. Note that 



j fdu = j En{fX-^)Xndu = J a^{C^p{f))Xndu = j a''(^^)X^X-du, 



where Xp is the eigenvalue associated to Cp. 

Applying the above expression to f = hp (we can assume hp is such that 
J hpdup = 1) and using the fact that £,p{hp) = X^hp we get 



< d = J hpdu = J a"'{hp)XnXpdu. 



As hp is continuous and positive, there exists c > such for all x e X 

we have hp{x) > c. 

From this follow that 

d = j a"'{hp)XnXpdu > c J XpXndu. 

Therefore, 

XpXndu < d/c 



I 
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Denote I = J fdup. 

It is known (see [Bo]) that uniformly in z E X, we have 



^™ — ^ — = hi^)^ = hi^) / fd^/^- 

n— >oo J 



Therefore, given e > 0, we can find N > such that for all n > N we 
have for all z G X 



^13 



Then, for n > N 



I J A„A^di/ - J Ia^{hp)K\yu I < 

J I '\ y)-la-{h){y)\Xn{y)\Uy)d'^ = 

I l^iT^'iv)) - Ihp{T^{y))\Xn{y)X^^{y)du < ^ 

J ^13 C 
The conclusion from (***) is that for any / G C{X) 

Ymi^I J a'^{hi3)Xn\pdiy = J fdv. 

Consider now / = 1 and we get 

lim I a'^ihB^XnX^du = 1. 

n— >oo J M 

From this wc conclude that J fdv = I = J fdvp for all / G C{X). 
This shows the uniqueness and that u = up. 

□ 

The final conclusion is that any KMS (f) for H,(3 is equal to the 
associated to up. 

Section 2.2 - phase transitions 



We consider here an interesting example of a KMS state associated with 
the reference measure given by the maximal entropy measure for the shift 
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in 2 symbols {0, 1}. In this case p = 1/2 is contant. We will define a special 
potential H and we will consider specifically the special value (3 = 1 

We refer the reader to [H] [L2] [L3] [FL] [Y] [L] for references and results 
about the topics discussed in this section. 

We are going to introduce the Fisher-Fedenhorf model of Statistical Me- 
chanics in the therminology of Bernoulli spaces and Thermodynamic For- 
malism [H]. 

We define S+ to be the shift space S+ = njf {0, 1} and denote by T : 
S+ S+ the left shift map. We write z = {zqzi . . . ) for a point in S+ and 

[wqWi . . . Wk] = {z : zq = Wo, z\ = wi, . . . z^ = w/.} for a cylinder set of S"*". 
We denote by C S+, for > 1, the cylinder set [111 . . 11 0] and 

k 

by Mq the cylinder set [0]. The ordered collection (Mfc)^Q is a partition of 
S"*"; in other words these sets are disjoint and their union is the whole space 
(minus the point (11 ...)). Note that T maps bijectively onto Mfc_i for 
A; > 1, and onto S+ for k = 0. 

The point (1111...) is fixed for T. 

For 7 > 1 a fixed real constant, we consider the potential g{x) such that 
5(111111....) = 0, 

g{x) = ak = -7 log 
for X G Mfe, for k ^ 0, and 

ao = -log(C(7)), 

for X G Mo, where ( is the Riemann zeta function. 
By definition, 

C(7) = (1-^ + 2-^ + ...) 

and so the reason for defining oq in such way is that, if we define Sk = 
do + ^^1 + • • • + o-k, then Se^*^ = 1. 

From now on we assume 7 > 2, otherwise we have to consider sigma- 
finite measures and not probabilities in our problem. 

The potential 1 < (^)^ = H{x) = e'^^^), for x € M^, is not Holder 
and in fact is not of summable variation. Note that H(llll...) = 1, The 
pressure P{—logH) = P{g) = P(\ogp + log 2 — 1 logH) = and one can 
show that there exist two equilibrium states for such a potential g (in the 
sense of minimizing measures for the variational problem): a point mass 
(the Dirac delta 5(111...)) at (1111...), and a second measure which we 
shall denote by jl (see [H]) 
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The existence of two probabilities fx and for the variational prob- 

lem of pressure defines what is called a phase transition in the sense of 
Statistical Mechanics [H] [L3]. 

We will describe bellow how to define this measure jl. 

Consider as in [H] £*, the dual of the Ruelle-Perron-Probenius operator 
Cg associated to g, where the action of Cg on continuous functions is given 

by 

T{x)=y 

The function P{—f3\ogH) = P{Pg) is strictly monotone for /3 < 1 and 
constant equal zero for /3 > 1 [H]. 

We claim that there is a unique probability measure v on T,'^ which 
satisfies = v [FL] [H]. To prove this, note first that v cannot have any 
mass at (11 . . . ); it follows that Mq has positive mass, and the stipulation 
that be an eigenmeasure then gives a recurrence relation for the masses of 
Mfc. Since T(Affc) = Mk_i for k > 1, we have that the masses of the sets in 
this partition are 

(k _|_ 1^-7 

u{k) = iy{Mk) = e^'' = ^ J, ! , k > 0; 

C(7) 

in particular, 

1^(0) = u{Mo) = e'o = e"o = . 

C(7) 

By the same reasoning, i/ is determined on all higher cylinder sets for the 
partition (Mfc)^Q. Hence ly exists and is unique. 

The measure v defined above is the unique eigenmeasure for >C^^^ and 
denoted by vi. 

The measure defined by the delta-Dirac on (111...) is invariant but is not 

a fixed eigenmeasure for £*. 

This measure i^i defines a KMS state (p^-^ for such H, P = 1 and U{^). 

We conjecture that there is another KMS state (j) different from but 
not associated to a measure. Note that such H assumes the value 1 in just 
one point. 

We define h{x) for a; G by 

oo 

ht = h{x) = z/(t)"^Ez/(z). 

i=t 

The function h satisfies Cg{h) = h. 
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The integral / h{x)dui (x) is finite if and only if 7 > 2. One can normalize 
h, multiplying by a constant u to get h = uh with / hdvi = 1. 
This constant is 

„ = 1 = C(7) ^ C(7) 

Et=iMi-i) E£it^-^ C(7-i)- 

The probability /i has positive entropy and its support is all S+ (see [H] 
or [L3] [FL]). 

Consider now the invariant probability measure /x = hvi. It is known 
that /2 is an equilibrium state for —logH in the variational sense {(3 = 1) 
[H]. It is easy to see (because — log if (11111..) = — logl = 0) that the 
Dirac-delta measure (5(iiiii...) is also an equilibrium state for — logii" in the 
variational sense {(3 = 1). 

The probability jl has positive entropy and its support is all E"*" (see [H] 
or [L3] [FL]). 

We can conclude from the above considerations that not always an equi- 
librium probability p for the pressure is associated to a KMS state (f)p whitout 
the hypothesis of H and p been Holder. In the present example, this happen 
because p = is not an eigenmeasure of the dual of the Ruelle-Perron- 

Frobenius operator but it is an equlibrium measure for /3 = 1. 

In [L2] and [L3] the lack of differentiability of the Free energy is analyzed 
and in [L3] [Fl] [Y] it is shown that such systems present polynomial decay of 
correlation. In [LI] it is presented a dynamical model with three equilirium 
states. 
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